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If the new variable x = kr with £kt = pw?/D, is introduced and
W assumed as

cos : . )
sz[Rm(X) Sinm@]em = {[ Z Am,nxm“‘":‘ (;?Islmﬁ}e“”t

®)

Eq. (4) yields the following recurrence relation for the
coefficients A4, -

Ay =
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It for m = 0, a second approximation involving terms up to
the eighth power in (ka) is considered for the clamped plate,
the values of the first two frequencies are obtained from (ka)
= 3.198 and 5.855, whereas the solution to the characteristic
equation in terms of the Bessel functions yields (ko) = 3.2
and (ke) == 6.3.2 For m = 0, for the orthotropic clamped
plate, the first approximation [Eq. (11)] gives, (ka)* =
(9 — B)(25 — B)/2, from which it can be concluded that for
Bz 1, (ka)*s 96.

Apitn—s

The axisymmetric modes corresponds to m = 0. In view of
the recurrence relations (8), the function R,, can be written
in terms of the first four coefficients, namely, Ao Am.1
Ao, and 4,5 At the center of the plate (r = 0) the two
conditions to be enforced are that for all values of m: 1) the
left-hand side of Eq. (4) must vanish, and 2) the moments
must be finite. These conditions lead to 4,,1 = Ap,s = 0s0
that the function R,,(X) becomes

Rm = Am,O Z Cm,me+j + Am.2 Z Dm,.’iXm+j+2
j=048 =048
(7

where Cm,j = Am,j/Am,g and Dm,j+2 = Am,i+2/Am.2~
Equation (6), when specialized for the isotropic case @ = v =
Poisson’s ratio, 8 = 1 and (a + 2v) = 1], reduces to

Apn = Amt-o/n(n — 2)2m +n)2m +n — 2) (8

With the coefficients given by Eq. (8), the series for B,, [Eq.
(7)] can be shown to be a linear combination of the Bessel
funetions J,(X) and I,,(X). Therefore, for the isotropic
plate, the solution reduces to that given by Rayleigh? and by
Morse.?

When the boundary conditions W = oW ,/0r = 0 at the
edger = a (X = ke = X,) for a clamped plateor W = M, = 0
at » = a for a simply supported plate are enforced, Eq. (7)
yields the following characteristic equations for the deter-
mination of the natural frequencies:

I:; Cm,lem*'f:l[; (m—+j+ 2)Dm.j+2X1m+j+1j| —
[Z0n + ) iXem i1 || ZeDpeaXintitt] = 0 9)
20, Xt [ 2+ i+ Don i+ 1+ @) —
[ J ][ 7
amz}pm,mmﬂ] - [Z]? (m 4 m+j—14 a)—
amZ}cm,ijﬂ—ﬂ[%? Dm,,v+2X1m+f+2:| ~0 (10)

If the infinite series appearing in the foregoing equations is
" restricted to include terms up to the power (2m -+ 4), a first
approximation for the values of (ka) corresponding to the
lowest frequencies are obtained as

(ka)4clamped = 1/(Cm14 - SDm’ﬁ) (11)
2 1
(ka)4s,s = ﬁ{?}:—z(ka)%lamped (12)

For the isotropic plate the foregoing equations simplify to

(ka)4clamped = (m + 1)<m + 2)<m + 3)'24

(13)
2m + 1 + v
2m 4+ 5+

Using Eqs. (13) with » = %, values of (ka) form = 0, 1, and 2
are, respectively, 3.13, 4.43, and 5.57 for the clamped plate
and 2.21, 3.63, and 4.84 for the simply supported plate. These
values obtained as first approximations agree well with those
obtained from the solution in terms of the Bessel functions.

(ka’) 483 = (ka) 4clamped

m+nm)ym+n—2)[m+n—1%=Bl+m(m* —2)8 — 2(a + 27)(m + n — 1)*]
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A Heat-Transfer Criterion for the
Detection of Incipient Separation in
Hypersonic Flow

Davinp A. NEEpHAM™®
Imperial College, London, England

REVIOUS studies of flow separation resulting from
shock-wave boundary-layer interaction in supersonic
flow have encountered the difficulty of detecting incipient
separation. When the region of separation is relatively
large, the flow pattern exhibits the characteristic shock wave
from the separation point visible upstream of the agency pro-
voking separation.. The pressure distribution then exhibits
the familiar plateau pressure occurring between separation
and reattachment. The first appearance of a knee in the
pressure distribution, generating three points of inflexion in-
stead of the one typical of an attached flow, has been used by
many investigators to indicate the onset of separation. The
applicability of this criterion to high Mach number studies
conducted in intermittent facilities with very short running
times is doubtful on account of the low accuracy of pressure
measurements. Kither an alternative or additional criterion
is desirable.

In a current research program being conducted in the Im-
perial College Hypersonic Gun Tunnel, the separation of the
flat plate laminar boundary layer due to the interaction with
either an externally generated oblique shock wave or a wedge
compression-corner is being investigated at a Mach number of
10. As a precursor to the main part of the work, measure-
ments of the heat-transfer rates in the interaction region
were made using thin-film resistance thermometer gages.

Pressure measurements obtained recently for identical
configurations have substantiated the results of the heat-
transfer work. In Fig. 1, the pressure- and heat-transfer
distributions obtained on the wedge compression-corner model
for various wedge angles are presented together with the cor-
responding schlieren photographs of the flow in the neighbor-
hood of the corner. In Fig. 1a, the flow is fully attached with
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Fig.1 Pressure- and heat-transfer distributions and schlieren photographs of flow over a compression corner at various

wedge angles.

M, = 9.7, Re_ = 1.48 X 10°/in.
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Fig. 2 Heat-transfer distributions for attached and
separated flows.

a single shock wave visible at the outer edge of the boundary
layer downstream of the corner. The pressure distribution
has a single point of inflexion whereas the heat-transfer dis-
tribution exhibits a cusp-like minimum at the corner. The
decrease in heat transfer ahead of the corner coincides with
the initial rise in pressure resulting from the upstream in-
fluence of the wedge. Downstream of the corner the heat-
transfer rate rises steeply in the region of high pressure gra-
dient, reaching a maximum value just downstream of the peak
pressure. As the wedge angle is increased, a small region of
flow separation is formed in the corner, as in Fig. 1b, in which
two shock waves are visible: one plane oblique shock generated
by the boundary-layer separation point upstream of the cor-
ner, and a second concave curving shock just downstream of
the corner in the reattachment region. The pressure distri-
bution then exhibits a knee just upstream of the corner and
the heat transfer is seen to develop a smooth minimum with a
continuously changing gradient instead of the cusp typical of
the attached flow. As the wedge angle is increased further,
as in Figs. 1c and 1d, the size of the separated region grows
as the separation point moves upstream, and the knee in the
pressure distribution broadens, although the plateau pressure
characteristic of fully separated flows is only just attained at
the largest wedge angle tested. The heat-transfer minimum
retains the smooth curvature and broadens out as the separa~
tion point moves upstream. This general trend in heat
transfer has previously been observed by Miller, Hijman and
Childs,? although the detailed structure in large regions of
separation appears to differ from the findings of this investiga-
tion.

The change in form of the heat-transfer distribution be-
tween attached and separated flows is best seen in Fig. 2
where the results obtained for wedge angles from 4.6° to
15.3° are superimposed. From these observations it ap-
pears that incipient separation occurs for this case between
7.6° and 10.0° and probably closer to the former wedge
angle. An estimate of the wedge angle for incipient separa-
tion obtained from an extrapolation of a plot of separation
length against wedge angle indicated a value of 8°.

The heat-transfer criterion for the detection of inecipient
separation described in this note has been used recenily by
Stollery? in a study of wedge separation at M = 14. In the
current program conducted by the author, the heat-transfer
criterion has been used to supplement the evidence of in-
cipient separation obtained from pressure measurements and
schlieren photographs However, it is believed that in short
running time, low-density hypersonic facilities, the faster
response of heat-transfer gages, and the high instrumentation
density possible with the thin-film technique will render this
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criterion for the detection of incipient separation of greater
value than the equivalent one based on pressure measure-
ments,
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Hall Potential‘s in Nonequilibrium
MHD Generators

ARTHUR SHERMAN*
General Electric Company, Valley Forge, Pa.

Introduction

ASED largely on an anticipated need for large quantities
of electrical power (megawatt level) for space missions,
there is a considerable interest in MHD generators operating
at gas temperatures consistent with near future nuclear
reactor technology. Since these temperatures are quite
Jow compared to those necessary for thermal ionization of the
gas, one must rely on some form of nonequilibrium ioniza-
tion. Accordingly, experiments’ 2 have been designed to
evaluate the feasibility of creating the desired nonequilibrium
state solely by use of the self-induced electric field in the
MIHD generator. In both of these, it has been demon-
strated that such an effect does exist.

At the same time, however, it has been shown that lower
Hall voltages than predicted are obtained experimentally.
There are several possible explanations for this, all depending
on the fact that the plasma is, or is intended to be, in a non-
equilibrium state. One explanation suggests that shorting
along the segmented electrodes may be causing the low
voltages.? It will be the purpose of the present note to ex-
plore an alternate possibility, which involves shorting along
the insulator surfaces.

The essential question to be asked is: Why should one
expect the open-circuited Hall voltage to be

E, = wr(E, — uB) (1

where w is the flow velocity in the z direction, w is the elec-
tron eyelotron frequency, and ¢ is the mean time between
collisions? For the simplest case, where ¢ is constant and
v = (u, 0, 0) with u constant, the generalized Ohm’s law*
yields Eq. (1). If additional complexity is admitted, ve-
locity profiles may exist so that v = (u, v, 0) where both may
vary in a direction normal to the insulator surfaces, and v is
a cross flow. Kven in this far more complicated situation
it has been found® that Eq. (1) is still valid if « is taken to be
the average value. This is true in spite of the fact that azial
currents do flow. .

It will be the purpose of the present note to consider fur-
ther the validity of Eq. (1) when not only velocity profiles
are included, but the nonequilibrium effect is also allowed for.
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